The ability to maintain coherence and control in a qubit is a major requirement for quantum computation. We show theoretically that long coherence times can be achieved at easily accessible temperatures (such as boiling point of liquid helium) in small (i.e., ~10 nanometers) charge qubits of oxide double quantum dots when only optical phonons are the source of decoherence. In the regime of strong electron-phonon coupling and in the non-adiabatic region, we employ a duality transformation to make the problem tractable and analyze the dynamics through a non-Markovian quantum master equation. We find that the system decoheres after a long time, despite the fact that no energy is exchanged with the bath. Detuning the dots to a fraction of the optical phonon energy, increasing the electron-phonon coupling, reducing the adiabaticity, or decreasing the temperature enhances the coherence time.
Formulation DQD model with environment. We consider a laterally coupled DQD system for our two-level qubit.
The charge in the DQD system is denoted (N 1 , N 2 ) with N 1 and N 2 being the number of electrons on dots 1 and 2, respectively. The quantum dots are taken to be identical with the same charging energy E C = e 2 /C where e is the charge of an electron and C is the capacitance between the dot and its surroundings. The capacitance C can be conservatively approximated by the self-capacitance C 0 = 4ε m ε 0 D 21 which for a manganite dot with dielectric constant ε m = 10 and diameter D = 10 nm yields E C ~ 0.05 eV. We analyze situations where the thermal energy k B T as well as the the detuning Δε ≡ ε 1 − ε 2 (between the lowest energy levels in the two dots) are both smaller than E C so that the dynamics of a single electron can be studied when |N 1 − N 2 | = 1. Consequently, we define the relevant charge states as |10〉 ≡ (N + 1, N) and |01〉 ≡ (N, N + 1).
The coupled dots are described by the following Hamiltonian of a single electron tunneling between them: † † 
is due to the electron-phonon interaction; here, a j,k is the destruction operator of mode k phonons at site j, g k is the electron-phonon coupling strength, and ω k is the optical phonon frequency with weak dispersion. The role played by the acoustic phonons in decoherence will be presented in the discussion section.
In the strong coupling regime, to perform perturbation theory effectively, we locally displace the harmonic oscillators by Lang-Firsov (LF) transformation 22 2 . This reduction of the polaronic tunneling at enhanced temperatures occurs for the same reason as that in a polaron band. Therefore, in the DQD, the single particle energy (~J mf ⊥ ) is much smaller than the charging energy E C . The redefined polaronic system, the bath environment with displaced harmonic oscillators, and the interaction term in the LF/polaronic frame are respectively given by † †
where the fluctuation of the local phonons around the mean phonon field ⊥ J mf is given by =
; additionally, the destruction operators c i and a i,k correspond to fermions and phonons and operate in the LF frame. In the polaronic frame of reference, the Hamiltonian is given as the sum of an unperturbed part ( + H H s L R L ) and a weak perturbation (H I L ). Although electron-phonon interaction is strong in the laboratory frame, interaction in the polaronic frame (where the interaction is merely between the fermion and local phonon fluctuations) is weak and therefore suits a perturbative treatment. The small parameter of the perturbation theory in the polaronic frame of reference is ~J g /( ) u ω ⊥ with coupling strength g and optical phonon frequency ω u defined in Eq. (10); a detailed analysis of the small parameter in polaronic frame is given in Appendix B of ref. 23 . On the other hand, in the laboratory frame of reference, the perturbation parameter is ~g J ( )/ u ω ⊥ [for details of the small parameter in the laboratory frame, see ref. 24 ]. Thus the polaronic (LF) transformation is actually a duality transformation that maps the original strong-coupling problem in the laboratory frame to a weak-coupling problem in the polaronic frame.
Polaron dynamics. The dynamics of the system is described in terms of the reduced density matrix of the
where the degrees of freedom of the bath are traced out from the total system-environment density matrix ρ T (t). We start with the simply separable initial state ρ T (0) = ρ s (0) ⊗ R 0 in the polaronic frame of reference with the expectation that perturbation at large coupling will not produce much change to the state of the system 23 ω ω ≡ ∑ + with n k 1 and n k 2 being the mode k phonon occupation numbers in dots 1 and 2. This separable initial state can be obtained in a physical system such as an oxide-based DQD by using a small value of
We analyze the reduced dynamics of the system by the second-order, time-convolutionless, non-Markovian, quantum-master equation in the interaction picture [i.e., Redfield equation (see ref. 26 )]: Here, an operator A is expressed in the interaction picture representation (with eigenenergies ε s and ε t ) for zero detuning (Δε = 0) and the basis {|10〉, |01〉} for strong detuning (  J mf ε Δ ⊥ ). For the zero (finite) detuning case, to analyze coherence and population, we solve for the offdiagonal density matrix element c t t
For our analysis we use the eigenstate basis
Zero detuning. For the case when Δε = 0, from Eq. (5), we get the following equations of motion for the offdiagonal and diagonal elements of 
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To understand coherence and population evolution, we define the coherence factor C st (t) ≡ |c st (t)|/|c st (0)| which can be obtained by solving Eq. (6) and its complex conjugate; we also calculate the population difference P st 
Finite detuning. As a strategy to mitigate decoherence, we employ sizeable energy detuning. For the case of finite detuning ε δε Δ  , the equations for the offdiagonal and diagonal density matrix elements [obtained from Eq. (5)] are given by 
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. To characterize the dynamics, we define the relevant coherence factor C 10 (t) ≡ |c 10 (t)|/|c 10 (0)| and the population difference P 10 (t) ≡ (2p 10 (t) − 1)/(2p 10 (0) − 1) which can be calculated from the above two equations. Furthermore, when both Δε and δε are non-negligible, a general derivation of the matrix elements of the four terms on the right-hand side of Eq. (5) is given in the supplementary information.
Results and Analysis
In oxides such as the manganites, we approximate the density of states D(ω k ) of our multimode baths by a generalization of the Einstein model and take it to be a box function of small width ω u − ω l (=0.1ω u ) and height where Θ(ω) is the unit step function. Notice that ∑ = g g N k k 1 2 2 . In our calculations, we have employed experimentally realistic values of parameters in perovskite manganites. For tunneling we chose J ⊥ /ω u = 0.5 & 2.8 with phonon energy ħω u = 0.05 eV; these values of J ⊥ can be achieved by adjusting a gate voltage. There is compelling evidence of strong electron-phonon coupling in manganites 27, 28 . As regards strong couplings, we used g = 2.0 & 2.5. The strength of electron-phonon coupling can be varied by using different rare earth (RE) elements (such as La, Pr, & Nd) in the oxide RE 1−x Ca x MnO 3
29
. Thus, we can study decoherence for a reasonable range of small parameter values ω
. Furthermore, using manganites around the ferromagnetic colossal magnetoresistive regime would aid controllability in the DQDs. Deviations from exponential decay have been predicted [see ref. 30 ] and observed [see ref. 31 ] at short times for unstable quantum states. In fact, similar to ref. 31 , our long-time behavior of coherence is also given exp(−α − t/τ) where τ is the coherence time and α > 0 is a constant much smaller than unity.
In Fig. 1(a) we investigate nature of decoherence for zero detuning and various temperatures. At a very low temperature K B T = 0.01ω u (i.e., around boiling point of liquid helium for ħω u = 0.05 eV), we see that coherence does not decay; whereas, with increasing temperature it decays more rapidly. We compared numerical values of coherence for temperatures 0.01ω u , with those at much lower temperatures including 0 K. Over the entire time range in Fig. 1 , with respect to the zero temperature case, we find that the coherence values for K B T = 0.01ω u do not change at least up to the twelfth decimal place. This leads us to infer that τ > 100 s at these low temperatures (see Table 1 ). Similarly, at finite detuning values as well, by contrasting coherence at temperature 0.01ω u with those at much lower temperatures, we report large coherence time τ > 100 s in Table 1 . With increasing temperatures, not only do excited phonon states appear with enhanced thermal probability but also the number of degenerate phonon eigenstates increases. Even if the total phonon bath does not exchange excitation with the system (since  u δε ω ), this leads to a fluctuation in local phonon excitations causing destruction of coherence; consequently, there is a decay in coherence while the population difference remains unchanged as shown in Fig. 2 . Since there is no exchange of energy between the bath and the polaron, other unoccupied single particle states will not be relevant in producing decoherence. The term f nm (t) in Eq. , the phonon ground state (although being probabilistically dominant) produces no decoherence as the strength of decoherence = 0 00  ; furthermore, the next dominant term is proportional to ~exp(−βω u ) becomes non-negligible only at much higher temperatures (i.e., K B T/ω u = 0.15 & 0.5).
We will now comment on the contribution of the vacuum state of the bath to decoherence at low temperatures. The polaronic transformation produces composite fermions (involving fermions clothed with phonons) and displaces the simple harmonic oscillators by changing the vacuum of the bath. In fact, the Hamiltonian H R L corresponds to displaced harmonic oscillators; the displacement depends on the interaction strength as well as on the electronic occupation state. The off-diagonal elements of the system density matrix in the laboratory and the polaronic frame are proportional to each other [see analysis for oxide DQD in Eqs (81)-(84) in Sec. VIII of ref. 25 ]. When the vacuum state of the bath becomes a coherent state, the analysis in ref. 25 shows that we get very small decoherence. At strong nonadiabaticity, the lattice distortion quickly follows the location of the electron resulting in a coherent dynamics of the polaron [see section VIII of ref. 25 ].
Next, we will contrast the above picture of coherence in a small oxide DQD with that in a bulk material governed by the Holstein model 32 . As the temperature is varied, two qualitatively different mechanisms are relevant for transport in a bulk system of electrons strongly coupled to optical phonons, namely, the coherent band-like motion and the incoherent random hopping of small polarons. At higher temperatures, the overlap between the simple-harmonic-oscillator wave functions of host molecules on neighboring sites decreases because higher eigenfunctions with more nodes come into play; consequently, the polaron bandwidth decreases. At higher temperatures, the random process dominates over the band motion; the crossover from band-like motion to hopping conduction occurs when the uncertainty in energy (produced by electron-phonon scattering) is comparable to half the bandwidth 33, 34 .
To obtain long coherence times even at elevated temperatures, we introduce detuning in the DQD. At nonzero temperatures, excited phonon states come into the picture. Even for a fixed phonon eigenenergy, there may be degeneracy in terms of different phonon occupation arrangements at dots 1 and 2. This results in fluctuations in local phonon fields (even in the case of a single excited phonon) leading to decoherence. Such a contribution is taken into account by the first term in Eq. (6) . Now, a finite detuning counters such fluctuations [compare Eqs (6) and (8)]; unlike the zero detuning situation, finite detuning makes decoherence condition more difficult in terms of energy matching conditions.
For the situation where Δε equals any of the phonon eigenenergy differences n m ω ω − , there is a decay of coherence due to resonance. Decoherence for a particular detuning depends on the thermal probability of the phonon excitation that produces the resonance condition ω ω ε − = Δ n m [see Eq. (8)]. We plot the coherence factor in Fig. 1(b) at around the room temperature (i.e., K B T = 0.5ω u for ħω u = 0.05 eV). Here, we see that the coherence time is much longer for Δε/ω u = 0.5 compared to the other two cases Δε/ω u = 0. (which is smaller comparatively). However, when 0.8ω u ≤ Δε < 0.9ω u , since 2ω l − ω u = 0.8ω u , resonance is established by single-phonon excitation with a corresponding thermal probability ~exp( ) u βω − . Next, we plot Fig. 3 , by exploiting the linearity of the exponential decay at times much smaller than the large coherence times realized near boiling point of liquid nitrogen (i.e., K B T = 0.15ω u for ħω u = 0.05 eV) at detuning Δε/ω u = 0.2 & 0.8 and for K B T = 0.5ω u at Δε/ω u = 0.5. Figure 3 is in agreement with Fig. 1 . The numerical values of coherence times for the cases in Figs 1 and 3 are reported in Table 1 ; at temperatures much above boiling point of liquid helium, we see that with a properly chosen detuning one can get a coherence time many orders of magnitude larger than the zero-detuning case.
Lastly, in Fig. 4 , we plot the coherence factor for different values of the coupling g and the tunneling amplitude J ⊥ . For a fixed tunneling, coherence is maintained for a longer time when the electron-phonon coupling is stronger. On the other hand, at a fixed value of the coupling, decoherence is enhanced when tunneling increases. These results are consistent with the fact that decoherence diminishes at lower values of the small parameter J g 2 2 ω ⊥ 23,25 . Comparing Fig. 4(a,b) , we again see that finite-detuning provides longer coherence times.
We will now comment on the nature of the steady state. The steady state, attained after the long coherence time, corresponds to decay of off-diagonal terms. Now, at zero detuning, the population difference hardly changes because no exchange of energy can take place between the bath and the fermion [see Fig. 2 of the present paper and Fig. 8 in ref. 25 ]. On the other hand, at finite detuning, the population difference can also decay [see Fig. 11 in ref. 23 ]. Thus, the steady state is always uniquely defined.
Next, we will compare our approach with other earlier treatments. In an interesting fundamental study of single-polaron dynamics in a Holstein model (in a non-extreme parameter regime similar to ours) 35 , it was demonstrated that, at strong coupling and for weak external driving electric field, the system experiences essentially undamped Bloch oscillations, thereby supporting our results. In addition, nonadiabatic transition has an exponentially small probability; we expect this picture to hold for ω k T B u  (~ polaron excitation gap). Next, for the initial condition where the particle is uncoupled to the phonons in the laboratory frame, studies of dynamics in a Holstein model at strong couplings can be found in refs 36, 37 . Figure 2 . Time dependence, of coherence and population difference, depicting exponential decay of coherence while population remains unchanged for the case of maximum decoherence (i.e., detuning Δε = 0) at around room temperature (i.e., K B T/ω u = 0.5 for ħω u = 0.05 eV). Adiabaticity J ⊥ /ω u = 0.5 and electron-phonon coupling g = 2 in the plot. In conclusion, our analysis (involving mapping a strong-coupling problem to a weak-coupling one) shows that oxides (such as manganites) may provide a useful material platform for realizing charge qubits with long coherence times at elevated temperatures (i.e., boiling point of liquid helium which is significantly above dilution refrigerator temperatures). However, experimental confirmation as well as further theoretical studies, involving sources of decoherence other than phonons, are needed to clearly establish that our manganite-based double quantum dot has an applicable combination of maneuverability and coherence time and that it clearly outperforms a semiconductor DQD. Thus, one needs advances beyond the interesting experimental studies on oxide-based single quantum dot reported in ref. 49 .
